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SUMMARY

A method for analyzing heated thin wings was developed undér a
Grumman Advanced Development Program and is reported in the paper;

"A Matrix Force Method for Analyzing Heated Wings, Including Large
Deflections".(l) This paper was presented at the symposium "Structural
Dynamies of High Speed Flight", sponsored by the Aerospace Industries
Association and The Office of Naval Research in Los Angeles, California,
April 2,4-26, 1961.

The present report contains some detaiis on certain aspects of the
method, which were of necessity omitted from the paper. Several examples_
illustrating the application of the method are contaiﬁed in the paper
and might be referred to while this report is being read.

This report and Refs. 2, 3 and 4 document the Grumman matrii force

method of redundant structure analysis as developed to date. The same

notation is used throughout these references,
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A, P, %k, q, d defined in Ref. (2)

Z, 20 ‘lateral loads induced in deflected capstrips and
' shear panels respectively _
Q length of a spar or rib segment botween panel points ..
P' : kick load | R
B, C constants arising in systematic calculation of kiek
loads o o

D, F matrices arising in caleulation of heated s‘t.ructi;re

- flexibilities o
3 buckling load parameter

L, Iy ' geometry dependent constants reiating‘ the displacements
at the member loads to strains associated with the
member loads ‘ : -

Subscripts:
i, j,m, n - defined in Ref. (2) _
0,1, 2 particular designations corresponding to tﬁe general
or subscripts 1, 3, m, n (used in the derivations to
A, B, C, D identify particular member loads or panel points)
- J pertaining to the jth member load of the structure
a pertaining to the ath member of the strusture

K _pertaining to the 8% thermal condition |
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A, Introduction

The basic formulation for the Grumman matrix force method of
redundant structure analysis was developed in Ref., 2. The method was
expanded later in company reports to include some effects that are
peculiar to certain types of structures or applications. Specifiecally,
Ref. 3 outlines the procedure for caleulation of stresses and deflections
resulting from mon-uniform thermal strain, while Ref. 4 explains the
inclusion of Poisson's ratio and sweep coupling effects.

A recent paper, Ref, 1, further extended the method, as applied to
the particular case of a thin wing, to include (1) the influence of
in-plane thermal stresses on the flexibility of the wing for lateral
load, (2) the limiting case of increased flexibility from thls cause,
namely thermal buckling, and (3) the stiffening effect that results
from large deflections. The emphasis in the paper was on the basle
formulation and examples, and due to space limitations, only the most
important formulas could be given in some instances.

The following sections give a more detailed development of the
formulas., :

Be Linear Analysis

- : 1

It will be assumed in the discussion that follows that the
wing structure is symmetrical about a mean chord plane and that
it can be idealigzed in the stringer, shear panel and shear wedb
manner. This is one of the standard methods for idealizing a
multi~spay multi-rib wing and consists of representing the wing
by capstrips carrying axial load only, intercomnected by shear
panels which can carry tangential edge loads only. Using this
approach, one lumps the covers into equivalent capstrips over the
spars and ribsj the contributions of the spars and ribs themselves
are calculated and added in. If appropriate, intermediate shear
lag members are introduced as well. Because of the shear panel
assumption, the axial loads in the capstrips vary linearly from -
one panel point to the next. :

Based upon this idealigzation, the member loads in the atatically
determinate structure and the member flexibilities can be
determined by the procedures already given in Refs. 2, 3 and i.
Following these procedures further, one can determine the stress
distribution and the deflections due to applied loads and/or
temperature changes under the assumptions of linear behavior of
the structure. o ' :
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The remaining sections are concermed with the prdcedures
which are applicable in cases where in-plane and out-of-plane
components of load and deflection cannot be directly superposed.

C. Interaction Problem -~ Small Deflections

The problem of analyzing a wing under an arbitrary temperature
distribution, neglecting the interaction effect, ean be handled by
considering the wing to be subjected to two component temperature-
distributions, symmetrdical and anti-symmetrical about the mean chord
plane respectively, which when superposed, add up to the given distribution.
The wing is analyzed under each separately, and then the resulting stresses
are added algebraically. The temperature distribution symmetrical about
the mean plane will give rise to stresses symmetrical about the mean plane
and displacements in the plane, while the anti-symmetrical temperature ' :
distribution will produce anti-symmetrical stresses and displacements ;,
normal to the plane. The latter add directly to the stresses and de- ‘
flections caused by lateral applied loads.

An obvious assumption in tha foregoing procedure, and a valid one
in many cases, is that the two analyses can be treated independently.
However, if the in<plane stresses are large enough, there can be
noticeable interaction between the two thermal stress distributions
themselves and between the in-plane stresses and the lateral displacements
due to applied loads. In this case the flexibility mfluence coefflcient
matrix for the strnctnre may be appreciably altered. :

In the development of the method for accounting for this effect it
is assumed that the deflections are small in the sense that no membrane -
type stresses are developed due to deflections. The two idealized
structures used in the symmetrical and anti-symmetrical analyses for
a given case will be geometrically identical. Element flexibilities
however may be different, inasmuch as the stresses in one case depend
upon the bending and torsinnal flexibility and in the other upon the
in-plane flexibility. With the Mcold™ structure flexibility influence
coefficlent matrix and the symmetrical and anti-symmetrical’ thermal
stress distributions already calculated by ths methods given in Refs. 2
and 3, the two amJyses can be coupled by the procedure to follow.

In the development of the coupling formulas it is convenient to '
consider first the symmetrical thermal stress distribution; in this case ;
the loads in pairs of upper and lower capstrips and shear panels are
identical., This load distribution is self equillbrating on}.y as long as
the structure remains tndeflected laterally.

+

RePORT  ADR O4-03b~614 4
DATE July 1961 -

GRUMMAN AIRCRAFT ENGINEERING CORPORATION




) PAGE 5

ZTHEORY

When the spars and ribs bend and the shear panels betome warped, resultant
forces normal to the plane are induced. 7To illustrate, consider the
segment of spar or rib shown schematically in Fig. 1. Aas shown, the
average slope between panel points is taken as the element slope. To
calculate the magnitude of the lateral force, which will be called a

kick load and denoted by Z , consider vertical components or forces at

the pznel point. Summation of these forces gives

W6 -6) (4-4)
=7 C% ‘ — - - (1)
{ 'y | ,
where7 ,is the total load in the upper and lower capstrips; J,, J,

d Jd, dre the deflections at three conssetive panel points; and
\ and {, are the distances between them.

Fig. 2 shows a pair of deflected quadrilateral shear panels,
together with their projection on the undeflected mean chord plane. The
mean positions of the four corners are identified by the four panel po.’mt
deflections dn, d, 5 d. , and dy » The in-»plane shear flows K.,
etce have a lateral resultant which is called Z' and can be caleulated y
again smming forces wvertically. Tlms s

=20 [t KoV = (K 1k Ve
| (kec—’fkw\ —(k v K )J]

In the case of the shear panels, the force in eqn. (2), which is
assumed to act at the intersection of the diagonals, is replaced by a -
’statically equivalent set of forces at the four corners of the panel,

(2)

In the formulas to follow, the matrix notation of Ref. 2 wﬂll be
extended and used. The kick loads will be written in column matrix
arrangement and designated {P,}+ They are dependent upen the deflections,
which in column order are called 14,1 and the in-plane member loads which,
for convenience, are written in diagonal matrix form. The latter are
designated'qjp & The formula from vhich the kick loada are obtained is

el e

then
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where

@:mﬂ = [“ f% , LWJ - " ;: (h); |

The (B, Jand [, ]matrices are made up of geocmetry dependtent constants
derived from. egns. 'il) end (2)» They can be obtained by a systematic
procedure which is discussed later. o

Ree¢alling from Ref, 3 that the deflactions due to 1a.ﬁeral loada and
anti-gymmetrical thermal strains are

[BIR) + (4 -

the total deflections may be written

(4] (AL R] (3wl (e) o

Solving for { 4, 1,

where

nl- (1) - WE]

It is seen that LD ] U\,,,n] is the required ma’crix of flexibility
influence cosfficients, : Multiplication of [A.] by (0, Vintroduces the change in
flexibility due ‘to in-plane thermal stresses, while multiplication of {4,
byl 1" takes care ‘of the interaction between the symmetrical thermal
stresses and t.he themal displacements discuased previously. '

h\L.

With the ié gxmom, it is now possible to substitute in egn. (3) to
determine the Kick loads {F. }: - With these known, the total: mti-symetrical
components of the member 3.oads may now be determined as

Al el R @
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In eqn. (5), the subscript "as™ refers to the lateral, or anti-symmetrical,
analysis. The + and - signs indicate the top and bottom surface member
loads respectively. In those cases where the section properties are the
same for the anti-symmetrical and the symmetrical analyses, the in-plane
loads, { g, imay be added directly to the loads given by eqn. (7). If

this is% € the case, then it is necessary to caleulate actual stresses
for the two cases and then superpose.

D. Analysis - Systematic Calculation of B& and c

In order that the method be appropriate for routine use, t.he entire
get of kick loads{Ptyimust be obtainable by a systematic procedure for any
given in-plane thermal stress distributions The result of one such methed
is indicated in equ. (4).

Consider first a typical segment of spar or rib, as illustmted in
Fige (3). In-plane member loads q, and qg are assumed to act on this
particular pair of ecapstrips; deflections’d, and d., together with the
corresponding kick loads PY and P} are showg as well. Referring now to
eqi. (1), the contributiong of this pair of capstrips to P& and Pf) are

Z%JJ 1 qudé

These etpressians can be written in matrix form:

| i 1 F 1
Pb J 2 q!s A‘ "/x'ﬁ |
The contributions of this pairiof capstrips to the B it ‘and ch‘ matrices
are thuss
Fomi ] T |7 & o Laind T A : -

Referring now to the typical cover shear panel shovm ﬁn F‘ig. (&). the
in-plsne member load l .'m eombinatian with the lateral deflections of the
four cerners d,, induces a kiek load ZY, as described by
eqn. (2). ms%m%tmg half gr this load to each pair of diagonally
apposite corners, , : S
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Substituting for 2! from egn. (2) and rewriting in matrix fomm,

' o _ | B e { 1
Bl [ 20 ][] ek kb sk 6] 4
Fo {= | B/00+ %) o 16s
F /U 8D | 14,
LPO' o] i?g/ 9.+ Qp) | B} -‘55‘
The contributions of this pair of cover panels to the B4 and G, -
matrices are thus: -
AL RARE D N A [ & [ ¢ o5
{P,an.] = le| LAy o [ C | = §1\wa ~Kapta )| (ke oo N =Gngtheg)]
4ma e Rh/(xh{»x‘) 411+ - ; ‘ ) o ] .
D1 $e Akt $0)

The B and ¢ matrices can easily bs formed in this manner for
every pair“g‘} capstﬁﬁs and for every pair of cover shear panels in the
structure. They may then be added together in the same way that member
flexibilities are added to form the member flexibility matrix [y ]
of Ref. 1., to yleldlF Jand(C; .

It is recommended that in numbering the member loads the numerical
subscripts designating member loads acting upon any one member be
reserved uniquely for that member. (For example, even though axial loads
in adjacent segments of capstrips must necessarily be squal where they join
together, it is recommended that the member load numerical subscripts be
selected such that they do not repeat.) This is desirable for several
reasons. In this instance, it is beneficial because when the B N and C in
matrices for all of the members are collected into the B, and &~ matri2sh ;
there will be no overlapping of individual elements. Th‘f% in ¢ means
less chance for error. ‘ :

E, Thermal Buckling

It is well kmown that the increased flexibility of structurss for
lateral load is related to the proximity of the in-plane load to buckling.
The same matrices used to calculate the heated structure flexibilities ean
be used to determine the factor by which a given in-plane loading
distribution must be increased to cause buckling.
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If the structure is subjected to in-plane loads only, then
according to egn. (5), _

{d,) - A, |Fod ié} @

Exsmination of eqn. (8) indicates that equilibrium configurations
other than the undeflected case may be possibles If they are, then the
deflections d, and the loads Qo enteringlF, Jmust satisfy eqn. (8) and
can be determined from it. Assuming that the in-plane loads increase
proportionally, then a given load distribution becomes at buckling

:‘i(\a‘;e]. G s the factor which when multiplied by each of the imwplane
oads gives the load distribution causing buckling. Eqn. (8) can now be

Hal-lbIEI ) e

which is recognized as an eigenvalue equation. The lowest value g
satisfying this equation defines the in-plane loading condition for
buckling. The corresponding eigenvector { J,}gives the buckled shape.

F. Interaction Problem - Larpe Deflections

An implied assumption in linear wing analysis methods is that the
lateral deflections are small enough so that the attendant straining
of the middle plane is negligible. It is quite possible that this
assuaption may not be walid for the case of a thin, low aspasct ratio

wing. On the contrary, as a consequence of large deflections, there may
be a atiffening of the wing due to the development of in-plane membrane

type stresses which help carry the lead. .

In Ref. 1 a method is developed for including this effect. It -
permits the determination of the deflected shape for a given set of applied
loads, together with the attendant stress distribution, and the flexibility
of the structure for small displacements about the deflected shaps. The
latter is stated by means of a tangent flexibility matrix which, of course, .
is dependent upon the particular loading condition. »

The first step in the procedure is to calculate the stress
distribution in the middle plane consistent with an assumed or caleulated
approximate set of deflections. This ealculation is similar to the
calculation of in-plane stresses due to non-uniform thermal expansionj in
the present case the strains are due instead to deflection. -

!
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Formulas for the strains in the statically deteminate, stress free,
deflected middle plane are given in Ref. 1 for spars and ribs and for
rectangular shear panels. To complete the collection of formulas that
may be needed for swept wing analyses, expressions are derived in the
Appendix for shear panels of general quadrilateral shape.
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APPENDIX
MEMBRANE, STRAINS IN QUADRILATERAL SHEAR PANELS

1. Introduction

Ref, 3 develops the following expression for the virtual work done
in a quadrilateral shear panel*

]

v (2 €, "tanx +7, J)av= :tu. el Y, ) RTY

\

The various terms of this expression are explained in Ref. 33 in particular

is the member load shear flow, L, and L, are functions of the shape
of ‘the panel, and §_ and ¥__ are the direct and shear strains associated
with g line bisectiﬁg the ﬂgle between the two opposite sides of the .
quadrilateral that are most nearly parallel, See Fig., 5. It is the
primary purpose of this section to derive equations for the strains €y and

‘b’ when they arise dus to large deflections.

2. Derivation of Expressions for ¢ 5 md ‘Z&

Referring to Fig, 5, the bisector of the anglefY~ m)is designated
the x axis; the bisector of the angle(s~A) is called the n direction.

Then in terms of the lateral deflections of the four corners é A? éB’ é ¢
and 4., the average slopes _QJ w and _Jw ares '
D

| ox n

 Aw G =8y . de-d. -
ety dgd ] @)

. 1fhod  bod) T
é—-—-&-l-—.—*' : R (34)
The quantities 2 end §,; are the lengths of the four sides
of the quadrilatiBal, PUse g?

eqhe (a), page 34 of Refe B now ylelds
for the slope in t.he y direction: - T : ;

“’=‘-g-ﬂ“",%c‘c_f‘(¢x + 5+ 1+4)

-g- csg. --(ou-rs +4 m?)
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The strains €. and 7 due to large def},ections, whose finite difference
equivalents for re'ctﬁgular panels are given .on pages 15 and 16 of Ref, 1,

beconme E ;‘____‘-i_<§}~w_)l'
: X 2\0X

_ [ jowY 1 : JOW W 1
%“5 = {'\F) cot la+pt 71+é)+53~< Frescs(aen +<S)

Substituting eqns. (24) and (3A) in the preceding gives the desired
equations, : ' o

3+ Equivalent Strain ?fss

L]

The right hand side of the virtusl work expression, eqn. (14),
consists of two terms, one ine  and the other in¥ . Both strains are
functions of the same panel displacementsd,, J B.KYO' » &, howsver, and
it is therefore convenient to combine everything into a single temm. This
can be done in the following way. An Mequivalent" shear strain 7  is
defined such that - e

C%i 'L:'l 160} = qs (Lu €« +L:"n 7)(%3

Thus
_ Ln : :
T T, ot Ny {8y

?;a‘ ~is aeen to be a quadratic function of § A? 4 B o} c? 5”. as follows:

1 =~ 16,65 66,1 | G 00 G, O] ':{6@5 6 6,%

where

—

34 ES RS ICRY Ry PV Y

<af—
-

]

b=¢% csc3(x4m4744)
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